Energy, Power and Delta Functions

Power and Energy

The total energy content of a signal f (¢) is defined as:
By = limr oo [7}7, [F ()P dt = [, 1F (#)"dt

The average power content of the signal is defined as:
Py =limp oo & [T, |f (£)] dt

Delta Functions

The é-function, § (¢) can be defined as a limiting case where f; is a rectangular pulse:

1/6

—€/2 €/2

6 (t) = lime 0 f1 (t;€)

The delta-function can also be defined as limiting cases of other functions:

fa(tie) = 55—
f3 (ta) = 2220

§(t) =limeso f2 (85 €) = limg o0 f3 (t;0)
Properties of the d-function:
0(t)=0fort#0

[Z s@t)dt=1

o0

The Sifting Property
Jog(®)d(t—a)dt = g(a)

A Useful Integral

foo ex ( Hdw = 1 A cot)dw = T et 4 — 1 2sin(At)
"o €xP(jwt)dw = limy o f—A exp(jwt)dw = limg |, = M4 ;

Fourier Series
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Fourier Series

Any function, g (t), which is periodic in the interval [—7, | has a real Fourier series
representation given by:

g(t) = %O + 021 {an cos (nt) + b, sin(nt)}
The coefficients are given by:

a, =+ [T g(t)cos(nt)dt

b, =1 [T g (t)sin(nt)dt

Any periodic function can be formed from a linear combination of the functions cos(nt) and
sin(nt).

g(t) =200 o cne™

e =5 [T g(t) e Mt

Relationship between real and complex coefficients:

2¢, = an — jby

2¢_, = 2¢, = a, + jb,

a, =cj +cp

jb, = ¢ —cn

2len| = Vah + 0%

When a periodic signal has period T rather than 27 and wy = 27/T"
g(t) =20 o a0

cn =% [T g(t) ety

Properties of Fourier Series
Modify g (t) by scaling the amplitude by a factor of a, shifting it along the axis by b and changing
the period to T' = BAT:

Jwonb Jwont

F0mao(5) <5 foe ) g

Jjwonb

I
c, = acp,e F

Interpretation of Fourier Coefficients

The component with frequency wy is known as the fundamental frequency, or first harmonic,
nwy is the n-th harmonic.

The amplitudes of the harmonics are defined by:

T = V@i + b = 2ca| = |eon| + [enl

ap
TOZT:CO

Parseval’'s Theorem for Fourier series:
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LT lg )2t = 3% Jeal?
Fourier Transforms

Fourier Transforms

F(w) =limp o [177, f () et = [ f(t) et

The Fourier transform is often referred to as the Fourier spectrum of a signal.

The Inverse Fourier Transform (IFT)
f(t) =[5 F (w) &*dw
Properties of the Fourier transform

The Fourier transform is linear:

FT
afi (t) + bfy (t) — aF; (OJ) + bF, (w)
Time Scaling (Similarity) Theorem:

If we stretch in the time domain, we contract in the frequency domain.
FT

flat) & LF ()

Heisenberg-Gabor Principle:

If any function f (¢) has time duration T, and its Fourier transform F (w) has frequency
bandwidth B, then the Time-Bandwidth product T'B > 1.

Modulation Theorem:

Ft—to) & F (w) el

e I f (t) G F (w— wp)

FT
f(t) cos(wot) <> 1 F (w—wo) + 2 F (w + wp)
Differentiate with respect to time:

FT ,. .,
fr(t) < (jw)"F ()
The dual Fourier transform pair:

FT

ft) < g(w)
FT
g(t) < 2nf(-w)
The Multiplication Theorem:
Jo i) f5 (@) dt = 5 [T P (w) Fy (w) dw
Parseval’s Theorem:
I Nf Pt = £ [%|F (w)’dw

The amount of energy in a system can be found by integrating in the time domain or in the
spectral domain.

The Convolution Theorem for Fourier transforms:
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F#$)5g(t) & F ()G @)

2rf (1) g (1) & F () * G (w)

Laplace Transform

F(s)= [ F(t)edt

For a causal linear time-invariant system, h (t) = 0 for any ¢t < 0.
h(t) 5 h(s)

h(t) & F(w)

H (w) = h (jw) = Frequency response

Sampling Theory
Sampling and Aliasing
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In Digital sampling, for a continuous time signal, choose a sampling interval T' and read off the
value of f (t) at times nT. The obtained values f (nT) are the sampled version of f ().

The Sampling Theorem
fs (8) = 220 o F(£)8(t —nT) = [ () (¢)

617 (t) = % ZZOZ—OO ejm%t
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From the frequency shift theorem:
F,(w) = £ 20 o F(w— nw)

The Fourier transform of the sampled signal is 1/ times the Fourier transform of the continuous
signal repeated every integer multiple of the sampling frequency and summed together.

0.2

=

el fronsonl e o

Discrete-time Fourier Transform (DTFT)

=0.2

0.4

Fo() = [ £ (e R0du= S50 f(uT)e T

Nyquist Frequency and Reconstruction
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(@) o =40

max
 F(o+20,) Floto) F(o Flo=w,) F(o-2d,)
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(b) o =20 Prmax

max

. F(m+2c00) F(w+w0) F(w) F(m—mo) F(m—2w0)--

-85 -20 —wy 0 ) 20,

0 [0)]
(c) m6—1 .Smman

) F(m+2(n0)F(m+(°o) F(w) F(O)-U)O) F(m—2m0)

The Nyquist Sampling Theorem:

If a signal f (t) has a maximum frequency content (or bandwidth) wy,.y, then it is possible to
reconstruct f (t) perfectly from its sampled version of f, (¢) provided the sampling
frequency is at least wy = 2wmax, the Nyquist frequency.

The repetitions of F' (w) in the sampled spectrum are known as aliasing.

When a signal is sampled at a rate less than wnyq, the distortion due to the overlapping spectra is
call aliasing distortion.

Ideal Reconstruction Filter

The ideal filter frequency response for perfect reconstruction is the rectangle pulse function.

H (w) o T, — wmax <w < +Wnax
" 0, otherwise

For sampling at Nyquist frequency:
h, (t) = “”“;”‘T sinc(wmaxt) = sinc (wTOt)
Multiplication in the frequency domain implies convolution in the time domain:

= [ fs () sinc (wo(t T)) dr=>3"__ f(uT)sinc (% (¢t — nT))
The Discrete Fourier Transform

Discrete Fourier Transform (DFT)

Consider only date points which lie within a finite range [0, (N — 1) T] and calculate only over a
finite grid of frequencies [0, (N — 1) wy/N].

F _ F (mwo) — ZHN;01 fnefjanW/N
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=0 ow=(N-Tw /N °

The DFT is periodic, Fy, y = F}, and for real signals, F_j = F}.

Inverse Discrete Fourier Transform

fn _ % Zfzvz_()l Fme—jmn27r/N
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